A self-gravitating fluid, stratified into two phases of appreciably different densities and heated from within is considered. The heat flux, viscosity, and thermal diffusivity are assumed to be small enough so that, away from the interface between the phases, the flux is mainly carried by turbulent convection with a very small superadiabaticity. Different modes are investigated for transporting the heat flux across the interface, and both possible signs of the latent heat L are considered. A thermal boundary layer, distortion of the interface, and the nucleation, growth and motion of droplets and bubbles are included. It is shown that, under a specified range of conditions, the transition region near the interface is thin with a small change in the temperature T across it. The entropy difference between the two phases is then L/T. These considerations probably apply to the interior of Jupiter.
I. INTRODUCTION
In a planet with a hot, fluid interior, thermal conduction is usually small and the dominant heat transport mechanism is turbulent convection. For Jupiter, in particular, the net outward heat flux F is determined by conditions near the surface. In the interior, at least, F is very small compared with the energy that could be transported at thermal speeds, and we shall define a dimensionless parameter t: 0 in Eq. (6) to characterize this inequality. Simple mixing length theory then identifies t: 0 with the average fractional superadiabaticity of the fluid. With t: 0 « 1, the temperature gradient is almost adiabatic and the constancy of entropy is used 1 • 2 to infer temperatures in the interior from the observed surface temperature. The question arises whether this is a valid procedure if the fluid undergoes a first-order phase transition at some depth, with an appreciable density discontinuity and a latent heat L comparable to the thermal energy. If the entropy were almost constant across the interface between the phases, then a temperature drop ll.T comparable to the temperature T itself would occur in an intermediate "mixed" region (see Fig. 1 ). If, instead, the interface were relatively thin with a small temperature drq> ll.T « T, then the entropy per particle would change by about L/T~ k 8 (Boltzmann's constant) across the interface. The presence of such an "almost isothermal" interface could lead to a central temperature for the planet that is lower (or higher, if the latent heat is negative) by as much as a factor of two from that given by an isentropic calculation.
In the present paper' we consider the general structure of the interface between two phases when a specified heat flux F (carried by convection far from the interface) must be carried across. The planetary applications are not discussed in detail, and we consider only a one-dimensional approximation (constant vertical gravity g). The most important parameters are the sign and value of the latent heat L, the kinematic viscosity v, the thermal diffusivity K, the surface energy between the phases D, and t: 0 • For L > 0 (as in Fig. 1 ), Busse and Schubert 3 have considered a model where the total temperature drop ll.T is large 502 The Physics of Fluids, Vol. 19, No. 4, April 1976 enough so the entropy is about the same in the two phases. They show that convective eddies can then cross the interface without inhibition, but in their analysis the temperature gradient is substantially superadiabatic and the Prandtl number Pr=v/K can be very large. Their conclusions have been appropriately applied to solid-state convection in the Earth's mantle. 4 • 5 It is the main aim of the present paper to show that lilT I /T is, in fact, extremely small when t: 0 is extremely small compared with unity, as long as K is not too small and Pr is not too large. Our conclusion is in agreement with Busse and Schubere in the limit of slow laminar flow. However, in this paper we confine our attention to the turbulent case, which is most z T FIG. 1, Temperature versus vertical coordinate z (or pressure P) for positive latent heat and no nucleation. BC is part of the phase boundary and ABCD is an adiabat. In a fully adiabatic case, a thick "two-phase" region between B and C exists. For the conditions relevant to this paper, the actual temperature profile (---) is almost adiabatic except for a thin region near the interface. The temperature profile for pure conduction (. . . . ) is also shown.
appropriate to astrophysical and geophysical liquidstate applications. It is important for all considerations in this paper that the phase transition be first order, with a finite surface energy D between the phases. If, instead, there were a continuous change in density and atomic structure, then no superheating or supercooling would be possible, and an element of a convective cell would change its density continuously as the pressure changes. In such a case (but still with €o « 1), the entropy per atom remains essentially constant as a function of height.
The assumed restrictions on the parameters are specified in Sec. II. Cases with positive latent heat are discussed in Sec. m, assuming the absence of nucleation. If dynamic effects are neglected, heat is carried through a thin boundary layer near a sharply defined, rigid interface by thermal conduction. We also consider distortion of the interface due to gravity waves excited by convection. An additional mechanism is discussed in Sec. IV: Even for a relatively small temperature drop t:::.T, the heavier fluid phase in the boundary layer may be superheated enough so that bubbles of the lighter fluid phase form and cool to the equilibrium temperature. Heat flows into the bubble by thermal diffusion (efficiently, because the bubble is small compared with the boundary layer thickness) and is stored as latent heat while more molecules join the growing bubble. Bouyancy then drives the bubble with its stored energy upward and the cycle is completed by droplets, formed in the lighter fluid above, sinking and carrying negative energy content downward. Breakup and coalescence of bubbles are also considered.
Cases with negative latent heat are discussed in Sec. V. If dynamic effects are neglected, then the thermal conduction considerations of Sec. m still apply. Gravity waves at the interface supply another mechanism: Some of the heavier fluid in a wave crest changes phase, releasing hot, buoyant fluid of the lighter phase. The actual temperature drop t:::.T is then less than for thermal conduction alone. It may even be opposite in sign (but still with, I t:::.TI/T« 1).
In Sec. VI, our conclusions are discussed and a brief description of their probable application to Jupiter is given. The acutal modes of heat transport may be more complicated than the ones treated in this paper. Nevertheless, we hope that the main conclusion, an "almost isothermal interface", still holds.
II. DEFINITIONS AND PARAMETERS
Let v 1 and v 2 =v 1 + t:::.v be the volume per particle for the two phases which coexist at temperature T and phase-boundary pressure Pb(T). According to the Clausius-Clapeyron equation
where L is the latent heat per particle (defined as positive when the denser phase 1 has the smaller specific entropy at the phase boundary). We consider only a one-dimensional approximation in which the gravitational acceleration g is independent of z, the height above the average location of the phase-boundary. We assume hydrostatic equilibrium holds, to lowest order, so that the pressure scale height H~ (defined separately for each phase) is given by
where p is the density and v 0 is a characteristic thermal speed. We define two further thermodynamic derivatives,
evaluated at constant pressure and entropy, respectively. The adiabatic temperature gradient is then
For condensed matter (in contrast to a gas) a can be significantly less than unity. For example, a"' 0. 05 in the deep interior of Jupiter. However, y is usually slightly larger than unity. The latent heat L can have either sign and I L I is assumed to be of order k 8 T. We assume a considerable density change at the transition, 
(In Fig. 1 , this is represented by AB having a steeper slope than BC. )
We assume a constant and given vertical heat flux F which satisfies a very strong inequality (6) where Cp is the specific heat. We define a superadiabaticity factor E(z) by
dz dz s (7) where (dT/dz) is the actual temperature gradient. We assume that, far from the phase boundary (lzl ~Hp), most of the heat flux F is carried by efficient convection so that simple mixing length theory 6 would require E(z) to be of order € 0 • Estimates for e(z) near the phase boundary are the main concern of this paper. Let v be the kinematic viscosity, K be the thermal diffusivity, Pr be the Prandtl number, r 0 • be a "nominal Reynold's number," and rill< be a corresponding number for thermal diffusion (the Peclet number),
If the heat flux were to be carried mainly by heat conduction, the value of E(z) would be given by EK, where We are interested only in cases where dz) is smaller, except possibly near the phase boundary.
There is a lower bound to r 0 • to insure the possibility of efficient convection with large Reynolds number far from the phase boundary. We also restrict ourselves to the more interesting case in which heat conduction can carry the full heat flux F, only for a temperature gradient in excess of that appropriate to the phase boundary (see Fig. 1 ). In practice, this restriction does not differ greatly from the requirement that convection (rather than conduction) dominates the heat transport far from the phase boundary. This implies a lower limit on r01<· Our calculations will also demonstrate that the temperature drop across the phase boundary region is small (i.e., I ~TI /T« 1) provided r 0 • is not too large. (The origin of this upper bound will become more apparent in the next section.) The following inequalities are necessary and sufficient conditions for our results to apply with I~ T I IT« 1: 
Ill. CASES WITH POSITIVE L WITHOUT NUCLEATION
We assume throughout a first-order phase transition between two distinct phases. In this and the following section we consider a positive latent heat of transition.
We first discuss what would happen if the two phases were separated by a sharply defined, rigid horizontal boundary surface without any dynamical effects distorting the surface. We further assume, at the moment, that each phase can be superheated (or supercooled) slightly, without any phase change being initiated by nucleation or any other effect. This is illustrated qualitatively in Fig. 2 : The fluid is in the heavy phase everywhere below the boundary at z = 0, even though it is superheated for z 1 < z < 0. Similarly, the fluid in the light phase above the boundary is supercooled for 0
In this situation, the fluid on either side of the boundary behaves as a simple one-component fluid below (or above) a rigid boundary. Such cases have been discussed theroetically and experimentally 7 ; we summarize the main features only to an order of magnitude, using the language of simple mixing length theory: For convection with a mixing length l S.Hp carrying a constant heat flux F, the superadiabaticity factor E in Eq. (7) and typical convection speed Vc are given by
where Eo is the very small number defined in Eq. (6) .
At a distance I z I < Hp from the rigid boundary, one assumes a "local value of the mixing length" of l"' I z I . However, this prescription breaks down in a thin boundary layer very close to the surface z = 0, where convection cannot be maintained efficiently. One has to onsider separately cases with Pr < 1 and Pr > 1.
When Pr > 1, the flow near the boundary layer is mainly laminar and dz) ex: z-2 instead of dz) ex: z-413 in Eq. (11) . In the boundary layer E reaches the value E. given in Eq. (9) . The thickness lc of the boundary layer is then obtained by equating the Rayleigh number Ra to its critical value 7 : (12) When Pr < 1, heat leakage rather than viscosity inhibits the convection. In this case 7 the coefficient v is replaced by an effective turbulent viscosity Vcfc, with Vc given by Eq. (11) , and Eq. (12) can be rewritten in the form (13) Using Eqs. (8) , (9), and (11) , the boundary layer thickness lc from either Eq. (12) or (13) can be written as (14) Our main interest is the temperature drop ~ T across the boundary layer. Under our present assumption of a rigid boundary layer, ~Tis close to ATr, where ATr/T= (Zc/yHp)(l +E.) (15) Outside the boundary layer, the superadiabaticity E rapidly drops from E ;::: 1 to values Eo< E « 1. The temperature derivative (dlnT/dlnP) drops rapidly from a
The maximum value aT of the degree of superheating of the more dense phase (z < 0) is thus close to .:l.Tr and is reached near the edge of the boundary layer (see Fig. 2 ). The total thickness of the superheated region is (16) Equation (15) should be evaluated separately for the two phases (since e 0 , rO«, Pr, etc. change across the boundary) and the sum of the two expressions for .:l.Tr gives the effective "total temperature discontinuity" across the phase-boundary. Use of Eq. (10) in Eqs. (14) and (15) In reality, the boundary surface between the two phases can be distorted by dynamical effects similar to those which have been observed in the laboratory 8 and in the sun.
9 These effects are related to "convective overshoot" 10 • 11 and can be thought of as gravity waves in the interface surface, excited by the kinetic energy carried by convection. A detailed description of the distortion of the interface is difficult 12 but for our present purpose, a simple dimensional argument suffices. Consider a sinusoidal deviation of the interface surface (about the z = 0 plane) with horizontal wavelength X Hp and vertical height amplitude h 5 X. The effective gravity for the waves is g* = gAp/(p 1 + p 2 )-g= v~/ Hp. The frequency w of the wave, the vertical velocity amplitude V"' and the kinetic energy K per unit area can be written as
Hp .
In the "universal regime" (quasi-stationary turbulence) and neglecting molecular viscosity and surface tension, the only relevant frequency is w. 12 The energy dissipation rate Fd per unit area is then of order wK. According to the Kolmogoroff picture of turbulence, this can be interpreted as the rate at which waves of wavelength comparable to X are dissipated to shorter wavelengths by interaction with other waves. The kinetic energy input is no more than Fke• the one-way kinetic energy flux far from the interface. Using If the nonlocal effects of "convective overshoot" are strong, then convective cells with size comparable to Hp could penetrate close to the boundary, and wavengths as large as X"" Hp could be present at the interface. The surface distortion could then be as large as Convective cells with scale sizes l « Hp excite waves with X "" l « Hp, but only with amplitude h « hm. For the longest wavelengths, on the other hand, h « x, and the height amplitude mainly represents a moving up and down of the boundary layer with the actual thickness of the boundary layer itself being appreciably smaller. The total temperature drop across the phase-boundary region is then at most the sum of ATr and AT.,, where AT., is the temperature difference between a wave crest and a wave trough (assuming both lie on the phase boundary): a;.,$' (P:v)(~) = (P:v)(~e 0 y 14 « 1.
(20)
IV. NUCLEATION FOR CASES WITH POSITIVE L
We consider next the effects of homogeneous nucleation on the superheated "heavy" fluid for z 1 < z < 0. (Similar considerations apply for the supercooled "light" fluid for 0 < z < z 2 .) As illustrated in Fig. 2 , the superheating aT (actual temperature Tat pressure P minus the phase transition temperature for this pressure) reaches a maximum aT m ""'"AT at some height-z ~ le below the interface surface. The value of le lies somewhere between the expression in Eq. (14) and hm in Eq. (19). In the absence of nucleation, the value of AT is at most the larger of ATr from Eq. (15) and AT., from Eq. (20). However, the rate of nucleation of ''bubbles" of light fluid is a rapidly increasing function of aT (which we replace by .:l.T). When AT reaches a critical value AT 0 , the heat carried upward in the form of latent heat of rising bubbles reaches the total heat flux F. The actual temperature drop across the phase boundary is then the smaller of AT in Sec. III and of ATe, which we estimate as follows.
A spherical bubble of the lighter phase, containing N molecules, immersed in the heavier phase, has a finite surface energy. For an approximate evaluation of the nucleation rate 13 -15 it is sufficient to characterize the surface energy by a single parameter D. The latent heat for changing a bubble from N to N + 1 molecules is assumed to be of the form L-N" 113 
D.
The ratio D/L depends on the material and the temperature but for most liquids it lies between 0. 1 and 1. The rate at which small seed bubbles are formed by homogeneous nucleation (per unit area per second) is roughly of order J, where (21) and where a 0 is the spacing between molecules in the liquid. Each seed bubble grows as it rises, and we shall estimate the final radius b when the bubble has risen the height lc to reach the interface. The latent heat energy flux where we have assumed that p Cp/k B ""'-ai'.
In estimating the final radius b and upward drift velocity of a bubble, Vb, we have to distinguish various regimes, depending on the values of the parameters For all cases of practical interest, 1J is extremely large compared with unity and (2L 2 kBT/U) is at least as large as unity, so that ATe:S0.1 T.
It can also be verified that for the applications of interest, the heat flux F satisfies the following double inequality (25) The lower bound on F insures that the total number of bubbles in the superheated fluid layer is much greater than unity. (For this purpose, the "horizontal" extent of the fluid layer is assumed to be of order Hp. This is appropriate for a spherical body. ) This insures that the global heat release is steady (although the heat flux through the interface is locally intermittent). 11 *l progeny. To retain the correct heat flux F, it is then necessary to reduce the superheating AT by a factor of roughly (l*/ le) 1 12 • This exponential avalanche of bubbles may be so great as to exhaust all the fluid that is locally available for phase change. In this limit (le » l*) one seed bubble is at most responsible for inititating a phase change in a cone of fluid, the volume of which we now estimate. Each time a bubble breaks up, its progeny may have a horizontal velocity of order Vb . However, the only horizontal force on the bubble ise the drag force, so the bubble goes a horizontal distance of order bel c4, where c4 ~ 0. 05 is the drag coefficient. In contrast, the bubble goes a vertical distance l* »be before breakup. Subsequent coalescence of bubbles is not favored because of the shortrange repulsive force between bubbles. 16 An upper bound to the volume of the narrow cone formed by the rising bubbles is then (bel C 4 ) 2 (l/l*) 2 le. Equating the latent heat energy flux with the total heat flux then gives (A~J2 ~ eL~B~ln1j, 1J = (k~ T) an:~~ a·ll2(~o r/2. In this case, the heat release would be intermittent and explosive [but note that ATe is the same as in Eq. For liquid hydrogen in Jupiter (see Sec. VI) thermal conduction can carry the heat flux at a much smaller superheating than is required for significant nucleation. However, if homogeneous nucleation were the only heat transport mechanism, then bubble breakup is possible and "explosive boiling" might occur.
V. CASES WITH NEGATIVE L
If the latent heat L is negative (heat is released in changing from the heavy to the light fluid), then (dT I dz )ph> 0. If dynamic effects could be neglected and a rigid interface between the two fluids assumed, the situation would be as shown schematically in Fig. 3 . The boundary layer thickness le and temperature drop ATr would be exactly as given by Eqs. (14) and (15), but no suppression of nucleation need be assumed since neither fluid is superheated nor supercooled.
However, in the present case, dynamic effects interact with the phase transition in such a way as to decrease the actual temperature drop AT below ATr (and possibly change its sign). As discussed in Sec. Ill, the interface between the two fluids is distorted by surface gravity waves of vertical amplitude h"'"Hp(a£o/y) 314 able amount of superheating or supercooling can be maintained at a macroscopic surface, so the temperature at each point on the distorted interface is then very close to the phase-transition temperature Tb appropriate to the local pressure. At the crest of a surface wave, the temperature is then higher than the mean temperature at the z = 0 plane by an amount AT"" where According to the inequality in Eq. (6), the quantity AT win Eq. (28) always satisfies AT w « T. In some cases, where ATr «AT w• a temperature inversion may be set up near the interface, as illustrated schematically in Fig. 4 . However, the temperature increase (-AT) across the boundary will never exceed AT w: if -AT were as large as AT.,, the temperature increase in a rising part of the surface would be less than the amount of the temperature inversion. The riewly formed light fluid would be cooler than the ambient medium at this level, so that the temperature inversion would inhibit convection completely. would rise (as in Sec. IV), but with L < 0, the growth and motion of bubbles and droplets would result in a net downward heat flow. Thermal conduction also tends to depress the amount of a temperature inversion. To summarize the situation for negative latent heat:
The temperature change AT satisfies-AT.,< AT< ATr.
The actual value of I ATI is probably much smaller than these limits indicate, but an actual evaluation would be difficult.
VI. DISCUSSION
For practical applications, the main results of the present paper can be summarized as follows: When the various parameters of the problem satisfy certain conditions, the heat flow is carried across the interface between the two phases with a very small temperature drop AT. If these conditions are met, one can use the "isothermal approximation" in a planetary model: One considers the "heavy" and "light" phases to be separated by a sharply defined interface of constant gravitational potential with no discontinuity in temperature T. In this case, the entropy per atom has a discontinuity t:.S across the interface, given by
The latent heat L per atom can have either sign, with I L I /k B T roughly of order unity. Cases where I L I /k B T happens to be very small present no problem, since the "isothermal" and "isentropic" approximations almost coincide. Such cases are excluded from the present paper.
We summarize the assumed conditions that led to the isothermal approximation: The heat flux F across the phase boundary is not affected by conditions near this If there is no nucleation, then the shaded region I of results apply and the "isothermal approximation" is valid. In region II, the molecular thermal diffusivity is so large that the entire heat flux is transported by conduction. In region III, the molecular viscosity is large enough to prevent large scale turbulence, and our parameterization of the convective flow ceases to be appropriate. In particular, Eo is no longer a valid approximation for the fractional superadiabaticity far from the interface. This region is governed by criteria that have been developed for terrestrial mantle convection, s-s and which map smoothly onto our criteria in the appropriate limits. Region IV corresponds to cases where the temperature drop, across the thermal boundary layer, is comparable to the actual temperature so that the instability toward isentropic flow 3 becomes possible.
If nucleation is "easy" (t:..T jT« 1 in Sec. IV), then the isothermal region I extends to larger r 0 • and is limited primarily by the value of D, the surface energy. In all cases, the "isothermal approximation" is also contingent on Eo« 1, since this insures that distortions of the interface are much smaller than a scale height.
It is important for all the considerations of this paper that the phase transition be first order with a finite surface energy D between the phases. This guarantees that a rising bubble (or falling droplet) of one phase may grow or shrink in size but cannot make a gradual change toward the other phase in its interior. This is certainly the case if at least one of the phases is solid; it is probably true for the liquid molecular to liquid metallic hydrogen transition in Jupiter (but this is not yet certain). If, instead, there were no sharp phase transition but only a continuous change in density and atomic structure, the situation would be radically different: No bubbles or droplets could form, no superheating or supercooling would be possible and an element of a convective cell would change its density continuously as its pressure changes. In such a case (but still with Eo« 1) the entropy per atom remains essentially constant as a function of height.
The considerations of this paper are likely to apply to the interior of Jupiter: Pressures are sufficient for the phase transition from molecular to metallic (atomic) hydrogen to occur, the required pressure being a few megabars. 17 The temperature near the transition pressure is likely to be about 10 4 oK, 1. 2 sufficiently large so that both phases should be fluid, but sufficiently small to be below the critical temperature so that the transition may be first order. The metallic phase is about 30% more dense than the molecular phase and 1 :S (Pt..v/ksT)~ 10. The sign of Lis not known yet, nor are I L I /k B T and D/ ILl (but both ratios are likely to be slightly smaller than unity). Eo is of order and v 0 is about 3 x 10 6 em sec-1 for both phases and the Prandtl number is of order unity for molecular hydrogen and about 0. 05 for metallic hydrogen; thus, r ov ~HIJ/a 0~ 10 16 • The inequalities in Eq. (10) are then all satisfied.
For these choices of parameters, we find that t..Tr/T 10 and a corresponding thermal boundary layer thickness lc of the order of 10 em. This amount of superheating (for conduction at a rigid interface) is much too small to initiate nucleation. If we demand that nucleation transport the heat flux, then ATcfT is at least 10" 2 (and probably nearer 10" 1 ). The distance through which growing bubbles must rise to reach the interface would then be as large as lOS em. The distance that a bubble rises before breaking up is 10 4 or 10 5 em so that "explosive boiling" might occur with (very roughly) one explosion per second in the entire planet. It should be emphasized that the latter is a numerical illustration and not a serious description of the Jovian interior.
For L < 0, we find an upper bound for the temperature inversion of D.T Jr~ 10-s. It is clear that for Jupiter, the "isothermal approximation" is a good one. The possible astrophysical implications of this will be discussed elsewhere. Our conclusions are not rigorous, since there is no formalism which would enable us to test the stability of all conceivable modes of energy transport in a turbulent medium. Nevertheless, the stability of the interface, for those modes which we have considered, indicates that our conclusions may be generally valid.
Our results may also be applicable to the other major planets (Saturn, Uranus, and Neptune) and to any proposed phase changes in the liquid cores of terrestrial planets, such as the earth.
